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Uncertainty vs. Vagueness: a clarification

@ (Multimedia) Information Retrieval:

e To which degree is a Web site, a Web page, a text passage,
an image region, a video segment, . .. relevant to my
information need?

@ Matchmaking
e To which degree does an object match my requirements?

@ if I'm looking for a car and my budget is about 20.000 €, to
which degree does a car’s price of 20.500 € match my
budget?
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@ Semantic annotation / classification
e To which degree does e.g., an image object represent or is
about a dog?
@ Information extraction
e To which degree am I'm sure that e.g., SW is an acronym of
“Semantic Web”?
@ Ontology alignment (schema mapping)

e To which degree do two concepts of two ontologies
represent the same, or are disjoint, or are overlapping?

@ To which degree are are SUVs and Sports Cars
overlapping?
@ Representation of background knowledge

o To some degree birds fly.
e To some degree Jim is a blond and young.
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Example (Matchmaking)

Seller's Buyer's
soft constraint soft constraint
30000 31500

30500 31250 32000

°

@ A car seller sells an Audi TT for 31500 <, as from the catalog price.

@ A buyer is looking for a sports-car, but wants to to pay not more than around
30000€

@ Classical DLs: the problem relies on the crisp conditions on price.

@ More fine grained approach: to consider prices as vague constraints (fuzzy sets)
(as usual in negotiation)

@ Seller would sell above 31500 €, but can go down to 30500 €
@ The buyer prefers to spend less than 30000 <€, but can go up to 32000€

@ Highest degree of matching is 0.75 . The car may be sold at 31250 €.
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Example (Multimedia information retrieval)

media dependent properties media independent properties
Object features: Y Object Semantics Layer K
- color, shape, texture —_—
- structure / . \Snoopy is a dog

are animals

o1 \
IsAbout (0l, Snoopy)=.8 ]' Birds and Dogs
/

02

[ Woodstock is a bird
Object Form Layer —

IsAbout
ImageRegion | Object ID degree
o1 snoopy 0.8
02 woodstock | 0.7

“Find top-k image regions about animals”
Query(x) < ImageRegion(x) A isAbout(x,y) A Animal(y)
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Example (Distributed Information Retrieval)

Query Q

4\
0=

Then the agent has to perform automatically the following steps:

@ The agent has to select a subset of relevant resources .’ C .%, as it is
not reasonable to assume to access to and query all resources
(resource selection/resource discovery);

@ For every selected source S; € .’ the agent has to reformulate its
information need Q4 into the query language £, provided by the
resource (schema mapping/ontology alignment);

© The results from the selected resources have to be merged together
(data fusion/rank aggregation)
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HotellD | hasLoc ConferencelD | hasLoc
hi hI1 ci cl
h2 hl2 c2 cl2

hasLoc | haslLoc | distance hasLoc | haslLoc | close | cheap
hi1 ci 300 hi1 cl 0.7 0.3
h1 cl2 500 A1 cl2 0.5 0.5
hi2 cl 750 hi2 c 0.25 [ 0.8
hi2 cl2 800 hl2 cl2 0.2 0.9

“Find top-k cheapest hotels close to the train station”

g(h) —hasLocation(h, hl) A hasLocation(train, cl) A close(hl, cl) A cheap(h)
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Example (Health-care: diagnosis of pneumonia)

N Health Care Guideline:
]C S [ Community-Acquired Pneumonia in Adults

INSTITUTE FOR CLINICAL
SYSTEMS IMPROVEMENT

X

B
Obtain chest x-ray, especially if

7 5 patient has twa or more of these
Patient presents with

signs:
Seventh Edition symptoms suggesting ) Schodule provider " e Tomp = 100°F (37.8°C) g
Community-acquired = Pulsc =100
May 2006 preumonia N ¢ Decreared breath sounds.
—_— * Respiratory rate =20 %=
Work Group Leader x

6a
John Degelau, MD Pneumenia Severity Index (PSI)

Internal Medicine, Demographic Factors “

HealthPartners Medical Group Age  Males age (yrs) ti:_: xaay %‘hu» ) c
. Females age (yrs)-10 S &1 Ston Out of guideline
3 A ¥ 1 suspici

Work Group Members Nutsing home resident 10 ) samplam

Family Medicine Comorbid illnesses

Ciarrett Trobee MDY Neoplastie disease =30

@ E.g., Temp = 37.5, Pulse = 98, RespiratoryRate = 18 are in the “danger zone”
already

@ Temperature, Pulse and Respiratory rate, ... : these constraints are rather
imprecise than crisp
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@ What does the value (usually in [0, 1]) of the degree mean?

@ There is often a misunderstanding between interpreting a
degree as a measure of uncertainty or as a measure of
vagueness !

@ The value 0.83 has a different interpretation in “Birds fly to
degree 0.83” from that in “Hotel Verdi is close to the train
station to degree 0.83”
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Uncertainty

@ Uncertainty: statements are true or false

e But, due to lack of knowledge we can only estimate to which
probability/possibility/necessity degree they are true or false

@ For instance, a bird flies or does not fly
e we assume that we can clearly define the property “can fly”
@ The probability/possibility/necessity degree that it flies is
0.83

@ E.g., under probability theory this may mean that 83% of
the birds do fly, while 17% of the birds do not fly

e Note: e.g., a chicken has to be classified as either flying or
non-flying thing
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Example

@ Sport Car:
vx, hp, sp, ac SportCar(x) <=  HP(x, hp) A Speed(x, sp) A Acceleration(x, ac)
Ahp > 210Asp>220Nac < 7.0

[ — ]
audi_tt ferrari_enzo

@ Ferrari Enzo is a Sport Car: HP = 651, Speed > 350, Acc. = 3.14
@ MG is not a Sport Car: HP = 59, Speed = 170, Acc. = 14.3
@ Is Audi TT 2.0 a Sport Car ? HP = unknown, Speed = 243, Acc. = 6.9

@ We can estimate from a training set (Naive Bayes Classification)

Pr(SportCar|AudiTT) = Pr(AudiTT|SportCar) - Pr(SportCar) - (1/Pr(AudiTT))
Pr(speed > 243|SportCar) - Pr(accel < 6.9|SportCar) - Pr(SportCar)
Pr(speed > 243) - Pr(accel < 6.9)
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@ Sport Car:

vx, hp, sp, ac SportCar(x) <=  HP(x, hp) A Speed(x, sp) N\ Acceleration(x, ac)
Ahp>210Asp>220Nac < 7.0

AE=

audi_tt ferrari_enzo

@ Note: Audi TT 2.0 is not a Sport Car: HP = 200, Speed = 243, Acc. = 6.9
@ Explicit definition of Sport Car is too sharp

@ We can estimate from a training set (Naive Bayes Classification)
Pr(SportCar|MyCar) = Pr(MyCar|SportCar) - Pr(SportCar) - (1/Pr(MyCar))

Pr(MyCar . hp~, | SportCar)- Pr(MyCar . speed~, | SportCar)- Pr(MyCar . accel - | SportCar)- Pr(SportCar)
~ - Pr(MyCar -hp=.)- Pr(MyCar . speed~. ) - Pr(MyCar . accel < )
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Vagueness

@ Vagueness: statements involve concepts for which there is
no exact definition, such as

e tall, small, close, far, cheap, expensive, “is about”, “similar

to”.
@ A statements is true to some degree, which is taken from a
truth space (usually [0, 1]).

@ E.g., “Hotel Verdi is close to the train station to degree
0.83”

e the degree depends on the distance
@ E.g., “The image is about a sun set to degree 0.75”

e the degree depends on the extracted features and the
semantic annotations
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Example

@ Sport Car:
VX, hp, sp, ac SportCar(x) < 0.3HP(x, hp) + 0.2Speed(x, sp) + 0.5Accel(x, ac)

@ Each feature, gives a degree of truth depending on the value and the
membership function

HP(x,hp) = rs(180,250)(hp)
Speed(x,sp) = rs(180,240)(sp)
Accel(x,ac) = 1s(6.0,8.0)(ac)
1 1 re—
0 a b X o a b X
Is(a,b) rs(a,b)

@ Degree of truth of SportCar(AudiTT): 0.1-0.28 + 0.3 :1.0 +0.6 - 0.55 = 0.658
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@ The fuzzy membership functions can be learned from a training set (large
literature)

HP(x, hp) = rs(192,242)(hp)
rs(193, 234)(sp)
Is(6.5,7.5)(ac)

Speed(x, sp)

Accel(x, ac)

Is(a,b)
@ Learned Training Sport Class:
VX, hp, sp, ac TrainingSportCar(x) <= 0.3HP(x, hp) + 0.2Speed(x, sp) + 0.5Accel(x, ac)

@ Now, a classification method can be applied: e.g. kNN classifier

Vx, hp, sp, ac SportCar(x) <= > Y€ Topy(x) Similar(x, y) - TrainingSportCar(y)

Vx, hp, sp, ac Similar(x,y) <= 0.3 - HP(x, hpx) - HP(y, hpy) + 0.2 - Speed(x, spx) - Speed(y, spy) +
+ 0.5 - Accel(x, acx) - Accel(y, acy)

where Topy(x) is the set of top-k ranked most similar cars to car x
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@ Mixing uncertainty and vagueness:
e “Probably it will be hot tomorrow”
@ Crisp quantifier (“probably”) over vague statement
e “In most cases, a bird does fly”
@ Vague quantifier (“most”) over crisp statement

@ The notion of imperfect information covers concepts such

as
uncertainty “Nancy is likely John’s girlfriend”
vagueness “John’s girlfriend is blond”
incompleteness  “John’s girlfriend is Nancy or Mary”
imprecision “The hight of John’s girlfriend is in between 165cm and 170cm”
contradiction “John’s girlfriend, Nancy, lives in Rome. Nancy is living in Florence.”
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@ The distinction between uncertainty and vagueness is not
always clear: depends on the assumptions
@ (Multimedia) Information Retrieval:

Query: “I’'m looking for a house”

System Answer: score/degree 0.83

@ What’s behind the computational model?
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@ Probabilistic model
@ Assumption: a multimedia object is either relevant or not relevant to a

query q
@ Score: The probability of being a multimedia object o relevant (Rel) to g

score := Pr(Rel | q,0)

@ Vague/Fuzzy model
@ Assumption: a multimedia object o is about a semantic index term (t € T)
to some degree in [0, 1]
@ The mapping of objects o € O to semantic entities t € T is called semantic
annotation
F:0xT—[0,1]
F(o, t) indicates to which degree the multimedia object o is about the semantic index term t
@ Score: The evaluation of how much the multimedia object o is about the
the information need g
score := F(o0,q)
media dependent properties media independent properties
( Object features: e )

- color, shape, texture
- structure

Obiject Semantics Layer K A

" _(snoopyisadog
Snoopy “‘ Birds and Dogs |

)] ~are animals |
foodstock )/ (
T \¥//\/ Woodstock is a bird)
L Object Form Layer | _ )
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@ In other cases there may be both approaches as well
@ For instance, in Ontology Alignment, what about the degree n of the mapping

(SUV, Van,n,n) ?

@ Probabilistic model: a car is a SUV (Van) or is not a SUV (Van)
@ Then, e.g. from a training set, compute

n= Pr(SUV N Van)

@ Fuzzy model: a car is to some degree a SUV and to some other degree a Van
@ Then, e.g. from a training set, compute

n = kNNSUV(x) - kNNVan(x)
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Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

@ Wide variety of languages for “Explicit Specification”
e Graphical notations

@ Semantic networks
e UML
o RDF/RDFS

e Logic based

@ Description Logics (e.g., OIL, DAML+OIL, OWL, OWL-DL,
OWL-Lite)

@ Rules (e.g., RuleML, RIF, SWRL, LP/Prolog)

@ First Order Logic (e.g., KIF)

@ RDF and OWL-DL are the major players (so far ...)
@ Possibly RIF is coming ...
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RDF
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Description Logics
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@ Statements are of the form
(subject, predicate, object)

called triples: e.g.
(umberto, plays, soccer)

@ can be represented graphically as:

lays
umberto |25 [soccer

@ Statements describe properties of resources

@ A resource is any object that can be pointed to by a URI (Universal Resource
Identifier):
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Basics on Semantic Web Languages
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Systems

RDF Schema (RDFS)

@ RDF Schema allows you to define vocabulary terms and the relations
between those terms

@ RDF Schema terms (just a few examples):

Class
Property
type
subClassOf
range
domain

@ These terms are the RDF Schema building blocks (constructors) used
to create vocabularies:

<Person, type, Class>
<hasColleague, type, Property>
<Professor, subClassOf,Person>
<Carole, type,Professor>
<hasColleague, range,Person>
<hasColleague, domain,Person>
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Representing degrees in RDF/RDFS

Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

@ How can we represent degrees of uncertainty and vagueness in RDF/RDFS?
@ Unfortunately, no standard exists yet
@ So far, an option is to uses special purpose properties and reification

media dependent properties media independent properties
Object features: ) Obect Semantics Layer X
- color, shape, texture — S
- structure s \\ \Snoopy is a dog

Snoopy || Birds and Dogs
are animals

'oodstock //

‘\Wuodsluck is a bird
Object Form Layer ) i

(statement1, hasSubject, o1)
(statement1, hasProperty, IsAbout)
(statement1, hasObject, snoopy)
(statement1, hasDegree, 0.8)

@ But, then such statements have to be appropriately be managed by the system
according to the underlying uncertainty or vagueness theory
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Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

@ Three species of OWL

@ OWL full is union of OWL syntax and RDF (Undecidable)
@ OWL DL restricted to FOL fragment (decidable in NEXPTIME)

@ OWL Lite is “easier to implement” subset of OWL DL (decidable in
EXPTIME)
@ Semantic layering
@ OWL DL within Description Logic (DL) fragment
@ OWL DL based on SHOZN (D,) DL
@ OWL Lite based on SHZF(Dp) DL
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Description Logics (DLs)

Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

@ The logics behind OWL-DL and OWL-Lite,
http://dl.kr.org/.
@ Concept/Class: names are equivalent to unary predicates
e In general, concepts equiv to formulae with one free
variable
@ Role or attribute: names are equivalent to binary
predicates
e In general, roles equiv to formulae with two free variables
@ Taxonomy: Concept and role hierarchies can be expressed
@ Individual: names are equivalent to constants
@ Operators: restricted so that:
e Language is decidable and, if possible, of low complexity
e No need for explicit use of variables
@ Restricted form of 3 and V

e Features such as counting can be succinctly expressed
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The DL Family

Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

@ A given DL is defined by set of concept and role forming operators
@ Basic language: ALC(Attributive Language with Complement)

Syntax Semantics Example
C,D — T [ T(x)

€ | L(x)

A | Ax) Human
cnbD | C(x) A D(x) Human 1 Male
cub | C(x) v D(x) Nice U Rich

-C | =C(x) - Meat
3R.C | 3y.R(x,y) A C(y) Jhas_child. Blond
VR.C Vy.R(x,y) = C(y) Vhas_child.Human

cCCD Vx.C(x) = D(x) Happy_Father C Man 1 Jhas_child. Female
a.C C(a) John:Happy_ Father
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Toy Example

o Web Ontology Languages

RDF/RDFS
Description Logics
Logic Programs

Sex =
Male 1 Female C
Person C

MalePerson C

Male U Female

1

Humanm JhasSex.Sex
Person JhasSex.Male

umberto:Person 1 3hasSex.—Female

KB |= umberto:MalePerson

Uncertainty and Vagueness in Semantic Web Languages
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Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

Note on DL Naming

Ac: C,D — T |L |A|CND |-A|3RT |VR.C
C: Concept negation, =C. Thus, ALC = AL +C
S: Used for ALC with transitive roles R ;-
U: Concept disjunction, Cy U Co
&: Existential quantification, 3R.C
‘H: Role inclusion axioms, Ry C R», e.g. is_component_of C is_part_of
N Number restrictions, (> n R) and (< n R), e.g. (> 3 has_Child) (has
at least 3 children)
Q: Qualified number restrictions, (> n R.C) and (< n R.C),
e.g. (< 2 has_Child.Adult) (has at most 2 adult children)
O: Nominals (singleton class), {a}, e.g. 3has_child.{mary}.
Note: a:C equiv to {a} C C and (a, b):R equiv to {a} C 3R.{b}
Z: Inverse role, R—, e.g. isPartOf = hasPart~
F: Functional role, f, e.g. functional( hasAge)

R+: transitive role, e.g. transitive(isPartOf)
For instance,

SHIF = S+H+I+F=ALCRHIF OWL-Lite (EXPTIME)
SHOIN = S+H+O+IT+N =ALCR{HOIN OWL-DL (NEXPTIME)

Uncertainty and Vagueness in Semantic Web Languages Lecture at Reasoning Web 2008 U. Straccia



Concepts and Techniques for Reasoning about Vagueness and Un
Basics on Semantic Web Languages
Uncertainty and Vagueness Basics
Uncertainty and Vagueness in Semantic Web Languages

Web Ontology Languages
RDF/RDFS
Description Logics

Systems Logic Programs

Semantics of Additional Constructs

2=

Ry

Role inclusion axioms, Z = Ry C R, iff RyZ C ByZ

Number restrictions,

(=nR)’ ={xeal: |{y|(x,y) e R} > n},

(nR)? ={xeAT:|{y|(x,y) e RT}| < n}

Qualified number restrictions,

(>nRC) ={xel{y|(x,y) € RE Ay e CT}| > n},
(<nRCT ={xeAT:|{y|(x,y) e REAnyeCT} <n}

Nominals (singleton class), {a}* = {a’}

Inverse role, (R~)* = {(x,y) | (y,x) € R*}

Functional role, I |= fun(f) iff V2VyVz if (x,y) € % and (x, z) € f*
they =2z

transitive role,

(R+)T = {(x,y) | 3z such that (x, z) € RT A (z,y) € R}

Uncertainty and Vagueness in Semantic Web Languages Lecture at Reasoning Web 2008 U. Straccia



Concepts and Techniques for Reasoning about Vagueness and Un
Basics on Semantic Web Languages
Uncertainty and Vagueness Basics
Uncertainty and Vagueness in Semantic Web Languages
Systems

Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

Concrete Domains

@ Concrete domains: reals, integers, strings, ...
(tim, 14):hasAge
(sf, “SoftComputing" ) :hasAcronym
(sourcel, “ComputerScience” ) :isAbout

(service2, “InformationRetrievalTool" ) :Matches
YoungPerson = Person 3hasAge. <is

@ Semantics: a clean separation between “object” classes and concrete
domains
e D= <AD, ¢D>
@ Ap is an interpretation domain
@ ®p is the set of concrete domain predicates d with a predefined
arity n and fixed interpretation d® C A}
@ Concrete properties: R C AT x Ap
@ Notation: (D). E.g., ALC(D) is ALC + concrete domains
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Representing degrees in OWL-DL/OWL-Lite

Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

@ How can we represent degrees of uncertainty and vagueness in
OWL-DL/OWL-Lite?

@ Unfortunately, as for RDF, no standard exists yet
@ We may make an encoding as for RDF

s1:3hasSubject.({o1} M 3lsAbout.{snoopy}) M IhasDegree. =y g

@ But, again then such statements have to be appropriately be managed by the
system according to the underlying uncertainty or vagueness theory

@ A rather dangerous approach
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LPs Basics (for ease, without default negation)

Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

@ Predicates are n-ary
@ Terms are variables or constants
@ Rules are of the form

P(x) = ¢(x,y)

where ¢(X,y) is a formula built from atoms of the form B(z)
and connectors A,V
For instance,

has_father(x,y) <« has_parent(x,y) N Male(y)

@ Facts are rules with empty body
For instance,
has_parent(mary, jo)
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LPs Semantics: FOL semantics

Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

@ P* is constructed as follows:

set P* to the set of all ground instantiations of rules in P;
if atom A is not head of any rule in P*, then add A < 0 to P*;
replace several rules in P* having same head

A— o4
A— 2
With A«— @1 Vo V...V pn.

A <~ ©n
@ Note: in P* each atom A € Bp is head of exactly one rule
@ Herbrand Base of P is the set Bp of ground atoms
@ |Interpretation is a function / : Bp — {0, 1}.

@ Model | = Piffforallr € P* | =r,where | |= A — iff I(¢) < I(A)
@ Least model exists and is least fixed-point of

Tp(N(A) = I(), forall A — ¢ € P*
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Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

Toy Example
Q(x) < B(x)
Q(x) « C(x)
B(a) <
cb) —

KB E Q(a) KB Q(b) answers(KB, Q) = {a, b}

where answers(KB, Q) = {¢ | KB = Q(c)}
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Representing degrees in LPs

Web Ontology Languages
RDF/RDFS

Description Logics

Logic Programs

@ How canwe represent degrees of uncertainty and vagueness in LPs?
o Unfortunately, no standard exists yet

@ However, as simple encoding is to make transform an n-ary predicate P into an n + 1-ary predicate, where
the additional argument stores the value:
media dependent properties media independent properties
~/
Object features: (o

- color, shape, texture
- structure

bject Semantics Layer K

/ B _\\\ ‘\/sﬁoopy isa do;;

~>Snoopy Birds and Dogs
are animals

02

Object Form Layer

IsAbout(o1,snoopy, 0.8)

@ Forinstance, in LP systems we may write
q(h, s) < hasLocation(h, hl), hasLocation(train, cl), close(hl, cl, s1), cheap(h, s2), sis s1 - s2

@ But, then again such statements have to be appropriately be managed the system according to the
underlying uncertainty or vagueness theory
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Uncertainty & Logic

@ Any statement ¢ is either true or false

@ Due to lack of knowledge we can only estimate to which
probability/possibility/necessity degree they are true or false

@ Usually we have a possible world semantics with a distribution over
possible worlds

@ Possible world: any classical interpretation /, mapping any statement ¢
into {0,1}

W = {l classical interpretation}, I(¢) € {0,1}
@ Distribution: a mapping
p: W —1[0,1], u(l) €[0,1]

obeying some additional conditions (probability distribution, possibility distribution)

@ (/) indicates the probability/possibility that the world / is indeed the
actual one
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@ The probability of a statement ¢ is determined as

Pr(v)=>_u(l)
IEe

@ The posssibility of a statement ¢ is determined as

Poss() = sup u(/)
I=e

@ The necessity of a statement ¢ is determined as

Necc(p) =1 — Poss(—¢) = Iibrzf 1 —p(l)
©
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Example

Probabilistic setting:

w = sprinklerOn v wet

W | sprinklerOn | wet | 1

I; 0 0 |0.1
I 0 1 0.2
Iy 1 0 |04
Iy 1 1 0.3

1= u(l)

leWw

Pr(¢) = 02+04+03=0.9
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Example

Possibilistic setting:

w = sprinklerOn v wet

W | sprinklerOn | wet | 1

I 0 0 (03
I 0 1 ]1.0
I3 1 0 (08
Iy 1 1 (1.0
1 =sup u(/)
lew

Poss(¢) = sup(1.0,0.8,1.0)=1.0
Necc(yp) = 1— Poss(—¢)=1-03=0.7
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Properties of probabilistic formulae

Prip ny) = Pr(¢)+ Pr(v) — Pr(e vV ¢)
Pr(e Av) < min(Pr(ye), Pr(v))

Pr(eo A) > max(0, Pr(y) + Pr(¢) — 1)
Pripvy) = Pr(e)+ Pr(y) — Pr(e Ay)
Pr(evy) < min(1, Pr(e) + Pr(y))
Pr(p V) > max(Pr(p), Pr(¢))
Pr(=¢) = 1—Pr(y)

Pr(L) =0

Pr(T) = 1
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Properties of possibilistic formulae

Poss(¢ A1) < min(Poss(y), Poss(v)))
Poss(p V1) = max(Poss(y), Poss(v))
Poss(—) = 1— Nec(p)

Poss( 1) =0

Poss(T) = 1

Nec(p AY) = min(Nec(y), Nec(v)))
Nec(p V) > max(Nec(y), Nec(y))
Nec(—y) = 1— Poss(y)

Nec(1) =0

Nec(T) =1
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Probabilistic Knowledge Bases

Uncertainty & Logic
Vagueness & Logic

@ Finite nonempty set of basic events & ={py,...,pn}.

@ Event ¢: Boolean combination of basic events

@ Logical constraint 1) < : events ¥ and ¢: “p implies "
@ Conditional constraint (¢|p)[/, u]: events ¢» and ¢, and
I,u€[0,1]: “conditional probability of v given s in [/, u]”.

¥ > l'is a shortcut for (0| T)[/,1], v» < u is a shortcut for
(¥[T)I0, u]
@ Probabilistic knowledge base KB = (L, P):

o finite set of logical constraints L,
o finite set of conditional constraints P.
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Example

Probabilistic knowledge base KB = (L, P):
@ L = {bird < eagle}:

“Eagles are birds”.

@ P = {(have_legs| bird)[1,1], (fly | bird)[0.95,1]}:

“Birds have legs”.
“Birds fly with a probability of at least 0.95”.
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@ World [: truth assignment to all basic events in ¢.
@ 7Z4: all worlds for .

@ Probabilistic interpretation Pr: probability distribution on
To.

@ Pr(y) : sumofall Pr(/) such that | € Zp and I = .

@ Pr(vy|): if Pr(¢) >0, then Pr(¢|e)=Pr(y A v)/ Pr(y).

@ Truth under Pr:
o Pri=vy <y iff Pr(vAp)=Pr(y)
(iff Pr(y<p)=1).
o Pri= (o)l u] it Pr(y Ap)ell,u]-Pr(p)
(iff either Pr(¢)=0 or Pr(vw|e) €[l, u]).
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Example

@ Set of basic propositions ¢ = {bird, fly}.
@ 7, contains exactly the worlds /Iy, k, ks, and I; over &:

| | fly | ~fly |
bird I1 /2
—-bird /3 /4
@ Some probabilistic interpretations:
| Pri | fy [ —fly ] | Pro | fy | fly]
bird || 19/40 | 1/40 bird 0 | 1/3
—bird || 10/40 | 10/40 —bird || 1/3 | 1/3

@ Pry(fly A bird)=19/40 and Pr4(bird) =20/40.
@ Pry(fly A bird)=0 and Pry(bird)=1/3.

@ —fly< birdis false in Prq, but true in Prs.

@ (fly| bird)[.95, 1] is true in Pry, but false in Pr».
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Satisfiability and Logical Entailment

Uncertainty & Logic
Vagueness & Logic

@ Prisamodel of KB= (L,P)iff Pri= Fforall FeLUP.
@ KB is satisfiable iff a model of KB exists.

@ KB|=(¢|e)l, ul: (¢|¢)[l, u] is a logical consequence of KB
iff every model of KB is also a model of (¢|¢)[/, u].

® KB |=ignt (Vo] ul: (¥]9)l, u] is a tight logical
consequence of KB iff | (resp., u) is the infimum (resp.,
supremum) of Pr(v|¢) subject to all models Pr of KB with
Pr(y) > 0.
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Example

@ Probabilistic knowledge base:
KB = ({bird < eagle} ,
{(have_legs | bird)[1,1], (fly | bird)[0.95,1]}).
@ KB is satisfiable, since
Pr with Pr(bird A eagle A have_legs A fly) = 1 is a model.

@ Some conclusions under logical entailment:
KB |= (have_legs | bird)[0.3,1], KB | (fly | bird)[0.6,1].

@ Tight conclusions under logical entailment:
KB|=tight (have_legs | bird)[1, 1], KB|i=ignt (fly | bird)[0.95, 1],
KB |):t,~ght(have_legs | eagle)[1,1], KB “:tight(f/y | eagle)|0, 1].
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Deciding Model Existence / Satisfiability

Uncertainty & Logic
Vagueness & Logic

Theorem: The probabilistic knowledge base KB= (L, P) has a
model Pr with Pr(a) > 0 iff the following system of linear
constraints over the variables y, (r € R), where

R={l€Zy | | = L}, is solvable:

> —lyr+ > (=Dyr =0 (V&) ul€P)
reR, r=—yYAp reR, r=eyAe
> uyr+ > (u=1)y >0 (Y(lp)ll,ul€P)
reR, r=—ypAp reR, r=yAp
> oy =1
reR, r=a
yr > 0 (forallreR)
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Computing Tight Logical Consequences

Uncertainty & Logic
Vagueness & Logic

Theorem: Suppose KB= (L, P) has a model Pr such that
Pr(a) >0. Then, / (resp., u) such that KB |=ight (8]a)[/, U]
is given by the optimal value of the following linear program
over the variables y; (r€ R), where R={leZs | | = L}:

minimize (resp., maximize) >, J- subjectto

reR,r=pBAa
> —ly+ > (A=Ny- =20 (Y[l uleP)
reR, r=e—vyAp reR, r=yAp
> uyr+ > (u=1)y >0 (Ylp)ll,uleP)
reR, r=—yAp reR, r=eyAp

> oy =1

reR, r=a
yr > 0 (forallreR)
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Towards Stronger Notions of Entailment

Uncertainty & Logic
Vagueness & Logic

Problem: Inferential weakness of logical entailment.

Solutions:

@ Probability selection techniques: Perform inference from a
representative distribution of the encoded convex set of
distributions rather than the whole set, e.g.,

o distribution of maximum entropy,

e distribution in the center of mass.

@ Probabilistic default reasoning: Perform constraining rather
than conditioning and apply techniques from default
reasoning to resolve local inconsistencies.

@ Probabilistic independencies: Further constrain the convex
set of distributions by probabilistic independencies.

(= adds nonlinear equations to linear constraints)
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Entailment under Maximum Entropy

Uncertainty & Logic
Vagueness & Logic

@ Entropy of a probabilistic interpretation Pr, denoted H(Pr):
H(Pry = —=> Pr(l)-logPr(l).

1€Ze

@ The ME model of a satisfiable probabilistic knowledge base KB
is the unique probabilistic interpretation Pr that is a model of KB
and that has the greatest entropy among all the models of KB.

@ KB|E"? (¢]p)[l, ul: (¥|p)[l, u] is a ME consequence of KB iff the
ME model of KB is also a model of (|¢)[/, u].

@ KBIkji (V]@)[l, ul: (¥l)ll; u] is a tight ME consequence of KB
iff for the ME model Pr of KB, it holds either (a) Pr(¢) =0, /=1,
and u =0, or (b) Pr(¢) > 0and Pr(v|¢) =1 = u.
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Logical vs. Maximum Entropy Entailment

Probabilistic knowledge base:
KB = ({bird < eagle} ,
{(have_legs | bird)[1,1], (fly | bird)[0.95,1]}).

Tight conclusions under logical entailment:
KB ||:t,-ght(have_legs | bird)[1,1], KB H:tight(ﬂy | bird)[0.95, 1],
KB |=tight (have_legs| eagle)[1,1], KB I=tight (fly | eagle)[0, 1].

Tight conclusions under maximum entropy entailment:
KB |b gny (have_legs | bird)[1,1], KB |~ g, (fly | bird)[0.95,0.95],
KB |b ign: (have_legs | eagle)[1,1], KB |~ n, (fly | eagle)[0.95,0.95.
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Lexicographic Entailment

Uncertainty & Logic
Vagueness & Logic

@ Pr verifies (¢|o)[l, u] iff Pr(¢) =1 and Pr = (¥|e)]l, u).

@ Ptolerates (¢|¢)[/, u] under Liff LU P has a model
that verifies (v|¢)[/, ul.

@ KB= (L, P) is consistent iff there exists an ordered
partition (P, ..., Px) of P such that each P; is the
setofall C € P \ U P; tolerated under L by P\ U

@ This (unique) partition is called the z-partition of KB.
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Let KB= (L, P) be consistent, and (P, ..., Px) be its z-partition.

@ Pris lex-preferable to Pr' iff some i€ {0, ..., k} exists such that
e |{CeP;|Pri=C}|>|{CecP;|Pr' = C}| and
o |{CeP;| Pri=C} =|{CeP;| Pr' = C}| for all i<j<k.
@ A model Pr of F is a lex-minimal model of F iff
no model of F is lex-preferable to Pr.

@ KB~ "™ (w|o)[l, ul: (¢]@)[l, u] is a lex-consequence of KB iff
every lex-minimal model Pr of L with Pr(y)=1 satisfies (/|¢)[/, u].

@ KB \M.an (Wo)[1, u]: (W[l u] is a tight lex-consequence of KB

iff I (resp., u) is the infimum (resp., supremum) of Pr() subject
to all Jex-minimal models Pr of L with Pr(y) = 1.
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Logical vs. Lexicographic Entailment

Uncertainty & Logic
Vagueness & Logic

Probabilistic knowledge base:
KB = ({bird < eagle} ,
{(have_legs| bird)[1,1], (fly | bird)[0.95,1]}).

Tight conclusions under logical entailment:
KB ||:t,-ght(have_legs | bird)[1,1], KB ”:tight(ﬂy | bird)[0.95, 1],
KB ”:tight (have_legs| eagle)[1,1], KB|E tight (fly | eagle)[0, 1].

Tight conclusions under probabilistic lexicographic entailment:
KB |~ o (have_legs| bird)[1.1], KB |~ (fly | bird)[0.95.1],
KB |~ on (have_legs| eagle)[1.1], KB |k, (fly | eagle)[0.95, 1].
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Bayesian Networks

Well-structured, exact conditional constraints plus conditional
independencies specify exactly one joint probability distribution.

Joint probability distributions can answer any queries, but can be
very large and are often hard to specify.

Bayesian network (BN): compact specification of a joint distribution,
based on a graphical notation for conditional independencies:

@ a set of nodes; each node represents a random variable
@ adirected, acyclic graph (link ~ “directly influences”)

@ a conditional distribution for each node given its parents:
P(Xj|Parents(X;))

Any joint distribution can be represented as a BN.
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SPRINKLER RAIN

T F
SPRINKLER »
0.2 0.8

GRASS WET
SPRINKLER RAIN| T F
F F 0.0 1.0
F T 08 0z
T F 0.9 01
T T 089 001

The model can answer questions like “What is the probability that it is raining, given the grass is wet?”

Pr(Rain = T, GrassWet = T)
Pr(Rain = T | GrassWlet = T) =

Pr(GrassWet = T)
ZYe{T F} Pr(Rain = T, GrassWet = T, Sprinkler = Y)

EY1 Yoe{T,F} Pr(GrassWet = T, (Rain = Yy, Sprinkler = Y2))
0.99-0.01-0.2+0.8-0.99-0.2

0.99-0.01-02+09-04-08+0.8-099-02+0-0.6-0.8
0.3577 .

Q2
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Possibilistic Knowledge Bases

Uncertainty & Logic
Vagueness & Logic

@ Possibilistic formulae have the form Py >/or Ny >/,
1 €1[0,1]

@ Encode to what extent ¢ is possibly resp. necessarily true
@ Possibilistic interpretation: 7: Ze — [0, 1]
@ 7(/) is the degree to which the world / is possible
@ ltis assumed that 7(/) =1 for some I € Zg
@ Possibility/Necessity of an event  under r:

Poss(p) = sup{n(l)|l€Zs,!E=¢}( where max(=0)
Necc(p) = 1 — Poss(—yp)
Truth under 7:

mEPe>1 iff Poss(e)>1
mENe>I iff Necc(yp)>]
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Deciding Logical entailment (Hollunder’s method)

Uncertainty & Logic
Vagueness & Logic

@ Reduction to propositional entailment
o Let

KB = {¢|Np>I"€ KB,I'> I}
KB = {¢|No>I'eKB,I >}
@ Then

KBl=Nyp>I iff KBj|l= ¢
KBl=Pyp>1 iff KB |=gor
thereis Py >/ € KBwith I' > I, KB'™" U {4} = ¢
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Uncertainty & Logic
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Vagueness & Logic

@ Statements involve concepts for which there is no exact
definition, such as
e tall, small, close, far, cheap, expensive, “is about”, “similar

to”.

@ A statements is true to some degree, which is taken from a
truth space

@ E.g., “Hotel Verdi is close to the train station to degree
0.83”

@ E.g., “The image is about a sun set to degree 0.75”

@ Truth space: set of truth values L and an partial order <

@ Many-valued Interpretation: a function / mapping formulae
into L, i.e. I(p) € L

@ Mathematical Fuzzy Logic: L = [0, 1], butalso {2, 1 ... 2}
for an integer n> 1
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Uncertainty & Logic
Vagueness & Logic

@ Problem: what is the interpretation of e.g. o A ¢?
@ E.g.,ifI(¢) =0.83 and /(y)) = 0.2, what is the result of 0.83 A 0.27
@ More generally, what is the result of n A m, for n,m € [0, 1]?
@ The choice cannot be any arbitrary computable function,
but has to reflect some basic properties that one expects to
hold for a “conjunction”

@ Norms: functions that are used to interpret connectives
such as A, V, -, —
e t-norm: interprets conjunction
e s-norm: interprets disjunction

@ Norms are compatible with classical two-valued logic
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Axioms for t-norms and s-norms

Axiom Name T-norm S-norm

Tautology / Contradiction aA0=0 avi=1

Identity anl=a av0=a

Commutativity anb=bAa avb=>bVva
Associativity (anb)Ac=an(bnc) (avb)vec=aVv(bVvec)
Monotonicity iftb<c,thenanb<anc ifb<cthenavb<avce
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Axioms for implication and negation functions

Uncertainty & Logic
Vagueness & Logic

Axiom Name Implication Function Negation Function
Tautology / Contradiction 0 — b =1 -0=1, -1=0
a—1=1
Antitonicity ifa<bthena—c>b—c ifa<bthen-a>-b
Monotonicity ifb<cthena—b<a—c
Usually,

a— b=sup{c:anc<b}

is used and is called r-implication and depends on the t-norm
only
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Typical norms
Lukasiewicz Logic Godel Logic Product Logic Zadeh
1 if x = 0 then 1 if x = 0 then 1 1_x
X - else 0 else 0
XAy max(x +y —1,0) min(x, y) X-y min(x, y)
XVy min(x + y, 1) max(x, y) X+y—x-y max(x, y)
if x < ytheni if x < ytheni if x < ythent _
x=Y elsel — x+y else y else y/x max(1 — x,y)

Note: for Lukasiewicz Logic and Zadeh, x = y = -x V y

@ Any other t-norm can be obtained as a combination of
Lukasiewicz, Gédel and Product t-norm
@ Zadeh: not interesting for mathematical fuzzy logicians: its
a sub-logic of Lukasiewicz and, thus, rarely considered by

fuzzy logicians

XNzYy

_‘ZX = _"LX
X Ny (x -y Y)

X—=zy = 7pXVpy

Uncertainty and Vagueness in Semantic Web Languages
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Uncertainty & Logic
Vagueness & Logic

Some additional properties of t-norms, s-norms, implication
functions, and negation functions of various fuzzy logics.

Property [ tukasiewicz Logic | Gédel Logic [ Product Logic | Zadeh Logic |

XA-x=0 . . 0
XV -oax=1 .
XAX=X .
XVXx=x .
SoX =X
X=>y=-XxVy
“(xX=>y)=xA-y
S(XAYy)=-XxV -y
“(XVy)==XA-y
XAN(yVz)y=xXANy)V(XA2)
XV(yANzZ)=(XVYy)A(xV2)

@ Note: If all conditions in the upper part of a column have to
be satisfied then we collapse to classical two-valued logic,
ie. L={0,1}
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Propositional Fuzzy Logic

Uncertainty & Logic
Vagueness & Logic

@ Formulae: propositional formulae

@ Truth space is [0, 1]

@ Formulae have a a degree of truth in [0, 1]

@ Interpretation: is a mapping Z : Atoms — [0, 1]

@ Interpretations are extended to formulae using norms to interpret
connectives A, V, -, —

(e Ay) = () NI(Y)
L(pVvy) = I(p) VIWY)
(e =) = I(v) = I(¥)
Z(—) = Iy
@ Rational r € [0, 1] may appear as atom in formula, where
(n=r
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Example

In Lukasiewicz logic:

o = Cold N\ Cloudy

Z | Cold | Cloudy Z(p)
;| O 0.1 max(0,0+0.1 —1) =0.0
I, | 0.3 0.4 |max(0,03+04—-1)=0.0
I3 | 0.7 0.8 |max(0,0.7+09—-1)=0.6
Iy | 1 1 max(0,1+1-1)=1.0
Lecture at Reasoning Web 2008 U. Straccia
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@ Note:
Z(r—@)=1 iff Z(p)>r
I(e—r)y=1 |iff I(p)<r
@ Semantics:

= iff Z(p)=1
IEKB iff TEgforallyec KB
KBE= ¢ iff forallZ.ifZ = KBthenZ = ¢

@ Deduction rule is valid: for r, s € [0, 1]:
r—e,s—(p—=9Y)E(As)—y
Informally,
Fromy >rand (¢ — ¢) > sinfery >rAs
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In Lukasiewicz logic:

90:

0.4 — (Cold A Cloudy)

Read: Cold A Cloudy > 0.4

Z | Cold | Cloudy Z(v)

Z;| O 01 |[04—-00=min(1,1—-0.4+00)=06
Z, | 03 04 |0.4—00=min(1,1—-0.4+0.0)=0.6
I3 | 0.7 08 |04—06=min(1,1-04+0.6)=1.0
Iy | 1 1 04 —-1.0=min(1,1-0.4+1.0)=1.0

4
I
13
14

LIRS
€666
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@ Let
lellke = In{Z(y) | Z |= KB} (truth degree)
lplkg = sup{r| KB = r— ¢} (provability degree)
then [|o[|ks = |¢lks
@ Also,
e = 1-|¢lks

|plkg = sup{r | KB =1 — ¢} in{{s | KB = ¢ — s}

Proposition

|p|ke = min x. such that KB U {y — x} satisfiable.
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Decision algorithm, e.g. for Lukasiewicz Logic

Uncertainty & Logic
Vagueness & Logic

@ We use MILP (Mixed Integer Linear Programming) to compute lelka
@ Letr e [0, 1], variable or expresson 1 — r’ (r’ variable), admitting solution in [0, 1], =r = 1 — r, —==r = r
@ Foreach propositional letter p, let x, be a variable denoting the degree of truth of p
)
@ Apply inference rules
r—p = Xp >, Xp €[0,1]
p—r — Xp < r, X% € [0,1]
r— —p — @ — r
—p — I — =
r=leny) s X e
y<t1—-rxi<1—y,Xxg+x=r+1-y,
xi € [0,1],y € {0,1}
(eAY)—=r = X — 29, X0 — 21,

X1 +XxX=1—r,x €[0,1]

r—(p—=1v) = ©—=Xx,x =Y,
r+xg—x =1,x €[0,1]

(p—=P)—r — X1 =0 — X,
y—r<0y+x <1, y<xo,y+r+x —x=1,
xi €10,1],y € {0,1}

@ if no rule is applicable, solve the MILP problem of the form
minxs.t Ax+ By > h

where a;, bj;, ¢;, hx € [0, 1], x; admits solutions in [0, 1], while y; admits solutions in {0, 1}
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@ Consider KB = {0.6 — p,0.7 — (p — q)}

@ Lot us show that |g|xg = 0.6 A 0.7 = max(1, 0.6 + 0.7 — 1) = 0.3
@ Recall that |q| kg = min x. such that KB U {q — x} satisfiable
KBU{q — x} ={0.6 = p,0.7 — (p — q),q — x,x € [0, 1]}
—  {x >06,x <x,07— (p—q),{x %} CI[01]}
—  {xp>06,x < x,p— X1, % — q,0.7+x3 —x2 =1, {x, %p, ;} C[0,1]}

= {Xp>0.6,xg < X, Xp < X1, Xqg > X2,0.7+x1 —xp =1,{x,X%,x} C[0,1]} =S

It follows that 0.3 = min x. such that Sat(S)

[m] = = =
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Predicate Fuzzy Logics Basics

Uncertainty & Logic
Vagueness & Logic

@ Formulae: First-Order Logic formulae, terms are either variables or constants

@ we may introduce functions symbols as well, with crisp semantics (but uninteresting), or we need to

discuss also fuzzy equality (which we leave out here)

@ Truth space is [0, 1]
@ Formulae have a a degree of truth in [0,1]
@ Interpretation: is a mapping Z : Atoms — [0, 1]
o Interpretations are extended to formulae as follows:
I(-¢) = Z(¢) =0
I(pn) = Z(o) NI(¥)
(¢ — ¥) = ZI(¢) = I(¥)
I(3x¢) =  sup Iy(e)
ceaT
I(Vx¢) = inf_ ZS(s)
cenT

where Z¢ is as Z, except that variable x is mapped into individual ¢
@ Definitions of T Ee¢, T ET,E ¢, 7T E ¢, ||l¢||7 and |¢| 7 are as for the propositional case
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@ —wx ©(x) = 3Ix ~¢(x) true in t, but does not hold for logic G and I

() (=Vx p(x)) A (=3x =p(x)) has no classical model. In Gédel logic it has no finite model, but has an infinite
model: for integer n > 1, let Z such that Z(p(n)) = 1/n

Z(vVxp(x)) = iﬂH/n =0

Z(3x—-p(x)) = sup—1/n=sup0=0
n

@ Note: If T |= 3x ¢(x) then not necessarily there is ¢ € AZ such that T |= é(c).

Az = {n] integern > 1}
Z(p(n)) = 1—1/n< 1, foralln
Z(3xp(x)) = supt—1/n=1
n

Witnessed formula: 3x ¢(x) is witnessed in Z iff there is ¢ € Az such that Z(3x ¢(x)) = Z(¢(c))
(similarly for Vx ¢(x))

Witnessed interpretation: Z witnessed if all quantified formulae are witnessed in Z

Proposition

In t, ¢ is satisfiable iff there is a witnessed model of ¢.

The proposition does not hold for logic G and I
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A Probabilistic RDF

@ Probabilistic generalization of RDF

@ Terminological probabilistic knowledge about classes

@ Assertional probabilistic knowledge about properties of
individuals

@ Assertional probabilistic inference for acyclic probabilistic
RDF theories, which is based on logical entailment in
probabilistic logic, coupled with a local probabilistic
semantics
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Example of probabilistic RDF schema tuples

The case of RDF
The case of Description Logics
The case of Logic Programs

‘Company

____hasContractWith b\

-0
hasPolicyFrom_ \

Insurance
Company

w
(28|
/

w

Lifelnsurance
Company

Carinsurance

Company Propertyinsurance

Company

hasCaravanPolicy From

$,0.058,0.85 /S,O.] . "

S =rdfs:subClassOf \\ AN j
P=1dfs :subPropertyOf . <] D%
N

CaravanPalicy
Provider

U. Straccia
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Probabilistic RDF schema tuples

@ Non-probabilistic triples:
<i, type, c>
<p1, subPropertyOf, po>
<p, range, c>
<p, domain, c>

e i € lindividual (URI reference or blank node)
@ p, p; properties
e cclass
@ Probabilistic schema quadruples: <c, subClassOf, C, u>

@ cclass
@ C set of classes
e 4 : C—[0,1] with
o Socon(c) =1
@ If <c, subClassOf, C;, 1> and <c, subClassOf, Cy, up> with
Cq #Cgthen CiNnC =10
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Example of probabilistic RDF instance tuples

Cnmpany

idi: lVDE

DCo \

| . = *\rewnsuladﬂﬁﬁ(— —/
A
@haﬁ) hasPolicyFrom kACc )< "
L

o . lemsuredBv 075
P arm.a(enwnn 08
a"ll\a(edWlm 0.1

affiliatedWith, 0.9 affiliatedWith 0.1
re\nsuledﬂy 095 \\

)
@) C=D
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Probabilistic RDF instance tuples

@ Probabilistic instance quadruples:

<i,p, V, u>
<i, type, C, 6>

i individual, p property
V C IUL, set of individuals or literals
w distribution over V, i : V — [0, 1] with
° ZVEVM(V) S 1
o If <i, P, Vi, /.L1>,<i, P, Vo, Ho> with V4 75 Vothen Vin Vo = 0
C set of classes
d: C —[0,1] with
° Zcecd(c) <1
o If <i, type, C1, 51>, <i, type, Cg, 00> = V1 = V2 and 01 = 02

@ pRDF theory: a pair (S, R), where S is a set of pRDF schema tuples
and R is a set of pRDF instance tuples
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Semantics (excerpt)

@ p-path P: for property p, P is a sequence of n tuples <s;, pi, Vi, vi>
where
o forall i, 3<s;, pi, V, p>s.t. vie V, u(v;) =6
e for all i, <p;, subPropertyOf*, p>
o foralli<n—1,v,= 81
@ A pRDF instance is acyclic if for all properties p, there are no cyclic
p-paths in it
@ World: A world w is a set of triples <s, p, v> such that either
e sis an individual, p is a property and v is an individual or
literal, or
@ sis anindividual, pis type and v is a class

@ pRDF interpretation: Z: W — [0, 1] with >\, Z(w) = 1
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@ Satisfaction:
e T E<sp, V, u>iff
Vve V,pu(v) < Z<s,p,v>€WI(< S, p, Vv >)
e 7T~ (S R)iff
@ 7 satisfies all tuplesin R
o for all p-paths < s;, pi, Vi, Vi >iept...n in (S, R),
®ivi < Z<si,p;,vi>ewz(< Si, Pi, Vi >)
@ ®isat-norm
@ Entailment: (S, R) =< s, p, V, u > iff any model of (S, R) is a model of
<sp,V,u>
@ Atomic queries: <?s,p, v,y >, < §,7p,V,y >, < S,p,V, 7y >
@ Conjunctive queries: g1 A g2 A ... A gn, q; atomic queries
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Fuzzy RDF

@ Statement (triples) may have attached a degree in [0, 1]:
forne [0,1]

((subject, predicate, object), n)

@ Meaning: the degree of truth of the statement is at least n
@ For instance,

((o1, IsAbout, snoopy), 0.8)
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Fuzzy RDFS semantics

Some rules in fuzzy RDFS (set is not complete). Recall Rational Pavelka Logic (— is r-implication)

((a, sp, b), n), {(b, sp, ¢), m) ((a, sp, b), n), {(x, & y), m)
({(a, sp, ¢), n A m) ((x, b,y), n A m)

((a, sc, b), n), {(b, sc, ¢), m) ((a, sc, b), ny, {(x, type, &), m)
((a, sc,c),n A m) ((x, type, b), n A m)

((a, dom, b), n), {(x, &, y), m) ((a, range, b), n), {(x, a, ), m)
((x, type, b), n A m) ((y, type, b), n A m)

((a, dom, b), n), (¢, sp, a), m), (X, ¢, ¥), k) ((a, range, b), n), {(c, sp, &), m), (X, &, ¥), K)
((x, type, b),n A m A k) ((y, type, b), n A m A k)

sp = “subPropertyOf”, sc = “subClassOf”
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media dependent properties media independent properties

(" Object Semantics Layer K

/ 7\\ Gnoopy is a dog

Snoopy || Birds and Dogs
) are animals

Object features:
- eolor, shape, texture
- structure

'oodstock

[ Woodstock is a bird

Object Form Layer

@ Fuzzy RDF representation

((o1, IsAbout, snoopy), 0.8)
((snoopy, type, dog), 1.0)
((woodstock, type, bird), 1.0)
{(dog, subClassOf, Animal), 1.0)
((bird, subClassOf, Animal), 1.0)

@ then
KB = (3x.(01, IsAbout, x) A (x, type, Animal), 0.8)
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The case of Description Logics
The case of Logic Programs

The case of Description Logics
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Probabilistic DLs

@ Terminological probabilistic knowledge about concepts and roles

@ Assertional probabilistic knowledge about instances of concepts
and roles

@ Terminological probabilistic inference based on lexicographic
entailment in probabilistic logic (stronger than logical entailment)

@ Assertional probabilistic inference based on lexicographic
entailment in probabilistic logic (for combining assertional
and terminological probabilistic knowledge)

@ Terminological and assertional probabilistic inference problems
reduced to sequences of linear optimization problems
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@ Directly extends probabilistic propositional logic
e in place of atoms we have now concepts

@ (¢|p)[/, u]: informally encodes that

“generally, if an individual is an instance of , then
it is an instance of ¢ with a probability in [/, u]”

@ a: (v

©)|[/, u]: informally encodes that

“if individual a is an instance of ¢, then a is an
instance of v with a probability in [I, u]”
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Example

Eagle T Bird
Penguin T Bird

(Fly | Bird)[0.95, 1]
(Fly | Penguin)[0,0.05]

KB |~ jox; (Fly | Eagle)[0.95,1]
KB |~ o (Fly | Penguin)[0,0.05]
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Possibilistic DLs

@ Directly extends possibilistic propositional logic

@ Expressions: Pa>/or Na >/, where « is a classical description
logic axiom and / € [0, 1]

@ Example
N(Jowns.Porsche C CarFanatic U RichPerson)>0.8
P(RichPerson T Golfer) >0.7
N((tom,911):owns) > 1
N(911:Porsche) > 1
N(tom:-CarFanatic) > 0.7.

KB = P(tom:Golfer) > 0.7 .
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Fuzzy DLs

The case of RDF
The case of Description Logics
The case of Logic Programs

The semantics is an immediate consequence of the First-Order-Logic translation of DLs expressions

Interpretation:

Concepts:

Assertions:

Inclusion axioms:

Uncertainty and Vagueness in Semantic Web Languages

T — AI AN = t-norm
cz AT 0,1 \4 = s-norm
RT AT A[Z ] 0.1 - = negation
X —[0,1] — = implication
Syntax Semantics
c,D — T[] T%(x) = 1
L 2% = 0
Al AT(x) € [0.1]
cnb | || (¢nG)ix) = CZ(x) A CE(x)
CubD | GuC) () = GIxveTx
-C | -0)%(x) = -cT(x)
3R.C | 3R.c)T(x) = sup, Az RT(x,y) A CT(y)
VR.C (VR.C)Z (u) = it Az RT(x,y) — CT(y)}

(a:C,r), T k= (aC, ry iff CT (a%) > r (similarly for roles)

@ individual a s instance of concept C at least to degree r, r € [0, 1] N Q

(CED,r),

@ 7 (cCoDriffinf a7 CF(x) = DF(x) > r
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Main Inference Problems

Graded entailment: Check if DL axiom « is entailed to degree at least r
@ KBE (o,r)?
BTVB: Best Truth Value Bound problem
® |alks = sup{r | KB = (a,r)} ?

Top-k retrieval: Retrieve the top-k individuals that instantiate C w.r.t. best
truth value bound

@ ansip—«(KB, C) = Top,{(a,v) | v = |a:C)|ks}
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Towards fuzzy OWL Lite and OWL DL

@ Recall that OWL Lite and OWL DL relate to SHZF(D) and
SHOIN(D), respectively
@ We need to extend the semantics of fuzzy ALC to fuzzy
SHOIN (D) = ACCHOINR (D)
@ Additionally, we add
e modifiers (e.g., very)

e concrete fuzzy concepts (e.g., Young)
e both additions have explicit membership functions
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Concrete fuzzy concepts

(*] E.g., Small, Young, High, etc. with explicit membership function

@ Use the idea of concrete domains:
@ D= (Ap,®p)
@ Ap is an interpretation domain

@ &p is the set of concrete fuzzy domain predicates d with a predefined arity n = 1, 2 and fixed

interpretation o : AD —[0,1]
@ For instance,

Young(x)

Minor
YoungPerson

Person 1 3hasAge. <ig
Person 1 3hasAge. Young
functional( hasAge)
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Modifiers

(*} Very, moreOrLess, slightly, etc.

@ Apply to fuzzy sets to change their membership function
@ very(x) = X2
@ slightly(x) = V/x

@ Forinstance,

SportsCar = Car M 3speed.very(High)
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The case of RDF
The case of Description Logics
The case of Logic Programs

Systems
Fuzzy SHOZN (D)
Concepts:
Syntax Semantics
c,D — T T(x)
€ 1 (x)
A A(x)
(€nDy | || C(x) A Ca(x)
(CuD) Ci(x) v Ca(x)
(-0) -C(x)
(3R.C) 3x R(x, y) A C(y)
(VR.C) Vx R(x,y) — C(y)
{a} | || x=a
GnR) ||| 3, ALy BOGYD A Ni<icj<n¥i Y
(KR ||| W15 Ynet- AT ROGY) = Vicici<nit i =Y
Fcc rrce(X)
M(C) mm(C(x))
R —_— P P(x,y)
P 1l Ply:x)
Syntax Semantics
Assertions: o — (aC,r) | r— C(a)
{(a, b):R, r) r — R(a, b)
Syntax Semantics
Axioms: T (CCD,ry | Vxr — (C(x) — D(x)), where — is r-implication
: fun(R) | VXVyVz R(x,y) NR(x,2) — y =2z
trans(R) (3z R(x,2) N R(z,y)) — R(x,y)
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The case of RDF

The case of Description Logics
The case of Logic Programs

Example (Graded Entailment)

ferrari_enzo

Car speed
audi_tt 243
mg < 170
ferrari_enzo | > 350
SportsCar =  Car 1 3hasSpeed.very(High)

KB | (ferrari_enzo:SportsCar, 1)
KB E  (audi_tt:SportsCar, 0.92)
KB |  (mg:—SportsCar,0.72)

Uncertainty and Vagueness in Semantic Web Languages
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Example (Graded Subsumption)

Young(x)

Minor = Person JhasAge. <ig
YoungPerson = Person 3hasAge.Young

KB = (Minor C YoungPerson, 0.2)

Note: without an explicit membership function of Young, this inference cannot
be drawn
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Example (simplified Negotiation)

30500 31250 32000

a car seller sells an Audi TT for 31500 €, as from the catalog price.
a buyer is looking for a sports-car, but wants to to pay not more than around 30000 €

classical DLs: the problem relies on the crisp conditions on price

more fine grained approach: to consider prices as fuzzy sets (as usual in negotiation)
@ seller may consider optimal to sell above 31500 €, but can go down to 30500 €
@ the buyer prefers to spend less than 30000 €, but can go up to 32000<€
AudiTT = SportsCar M 3hasPrice.R(x; 30500, 31500)
Query = SportsCar M JhasPrice.L(x; 30000, 32000)
@ highest degree to which the concept
C = AudiTT M Query
is satisfiable is 0.75 (the possibility that the Audi TT and the query matches is 0.75)

@ the car may be sold at 31250€
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Top-k retrieval in tractable DLs: the case of
DL-Lite/DLR-Lite

@ DL-Lite/DLR-Lite: a simple, but interesting DLs
@ Captures important subset of UML/ER diagrams
@ Computationally tractable DL to query large databases
@ Sub-linear, i.e. LOGSpace in data complexity
e (same cost as for SQL)

@ Good for very large database tables, with limited declarative
schema design
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@ Knowledge base: KB = (T, A), where T and A are finite sets of axioms and assertions
@ Axiom: Clym...MCly C Cr (inclusion axiom)
@ Note for inclusion axioms: the language for left hand side is different from the one for right hand side
@ DL-Litecors:
@ Concepts: € —  A|3R
cr — A|3R|-A|-3R
R — P|P™

@ Assertion: a:A, (a, b):P

@ DLR-Litecore: (n-ary roles)
@ Concepts: €I —  A|3P[i]
Ccr —  A|3P[]|-A|-3P[i]
@ 3P[i] is the projection on i-th column
@ Assertion: a:A, (ay, ..., an):P
@ Assertions are stored in relational tables

@ Conjunctive query: g(x) — Jy.conj(x, y)
conj is an aggregation of expressions of the form B(z) or P(z;, z»),
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@ Examples:
isa CatalogueBook C Book

disjointness ~ Book C —Author

constraints CatalogueBook C 3positioned_In

role — typing 3positioned _In T Container

functional fun(positioned_In)

constraints Author C 3written_By~
Jwritten_By T CatalogueBook

assertion Romeo_and_Juliet:CatalogueBook
(Romeo_and_Juliet, Shakespeare):written_By

query q(x, y) « CataloguedBook(x), Ordered_to(x, y)
@ Consistency check is linear time in the size of the KB
@ Query answering in linear in in the size of the number of assertions
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Top-k retrieval in DL-Lite/DLR-Lite

@ We extend the query formalism: conjunctive queries, where fuzzy predicates
may appear

@ conjunctive query
q(x, s) — 3Jy.conj(x,y), s = f(p1(z1), - - ., pn(zn))

x are the distinguished variables;

s is the score variable, taking values in [0, 1];

y are existentially quantified variables, called non-distinguished variables;
conj(x,y) is a conjunction of DL-Lite/DLR-Lite atoms R(z) in KB;

z are tuples of constants in KB or variables in x or y;

z; are tuples of constants in KB or variables in x or y;

pj is an nj-ary fuzzy predicate assigning to each n;-ary tuple ¢, the score
pi(ci) € [0,1];

Q f is a monotone scoring function f: [0, 1]” — [0, 1], which combines the
scores of the n fuzzy predicates pj(c;)
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The case of Logic Programs

Systems
Example:
Hotel T  3JHasHLoc
Hotel C  3JHasHPrice
Conference [ 3HasClLoc
Hotel C  —Conference
HasHLoc HasCLoc HasHPrice

HotellD | HasLoc ConflD | HasLoc HotellD | Price
h1 hi1 cl cl [} 150
h2 hi2 c2 cl2 h2 200

q(h, s) «—HasHLoc(h, hl), HasHPrice(h, p), Distance(hl, cl, d)
HasCLoc(c1, cl), s = cheap(p) - close(d) .

where the fuzzy predicates cheap and close are defined as

close(d)
cheap(p)

Uncertainty and Vagueness in Semantic Web Languages

Is(0, 2km)(d)
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Semantics informally:

Q2 conjunctive query

q(x, s) < 3y.conj(x,y), s = f(p(z1), . - -

is interpreted in an interpretation Z as the set

T

g ={{c,v) eAX...xAX[0,1]]...

such that when we consider the substitution

6 = {x/c,s/v}

the formula

3y.conj(x,y) As = f(p1(21), - - -, Pn(2n))

evaluates to true in Z.
@ Model of a query: T = q(c, v) iff (¢, v) € T
@ Entailment: KB = q(c, v) iff Z = KBimplies T = g(c, v)
@ Top-k retrieval: ansyp (KB, q) = Topk{(c, v) | KB |= q(c, v)}
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How to determine the top-k answers of a query?

@ Overall strategy: three steps
o Check if KB is satisfiable, as querying a non-satisfiable KB is meaningless (checkable in linear time)

e Query q is reformulated into a set of conjunctive queries r(q, 7°)
@ Basic idea: reformulation procedure closely resembles a top-down resolution procedure for
logic programming

ax.s)  —  B(x),A(),s = f(x)
B, C A
B, C A
T8 = B0.Bi0),s = 1)
ax.s)  —  B(x),Ba(x).s = f(x)

e The reformulated queries in r(q, 7°) are evaluated over A (seen as a database) using standard

top-k techniques for DBs
@ forallg; € r(q, T), ansiop—(;, A) = top-k SQL query over A database

@ ansip_k(KB, q) = Topk(Ug;er(q, 1) @15k (41> A))
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Probabilistic Logic Programs under ICL

@ Logic programs P under different “choices” (Independent
Choice Logic)
@ Each choice along with P produces a first-order model.

@ By placing a probability distribution over the different
choices, one then obtains a distribution over the set of
first-order models.

@ ICL generalizes Pearl’s structural causal models.

@ ICL also generalizes Bayesian networks, influence
diagrams, Markov decision processes, and normal form
games.
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Example

@ The probability of rain is 0.2

Rain(X) <« hgain(X)

CRain = {hRain(T)7 hRain(F)}
u(hrain(T)) = 0.2
w(hrain(F)) = 0.8

@ The probability of sprinkler on is 0.4

SprinklerOn(X) <« hgprinkleron(X)

CSprinklerOn = {hsprinklerOn(T)z hsprinklerOn(F)}
/L(hsprinklerOn(T)) = 0.4
,u(hSprinklerOn(F)) = 0.6

@ Ifitis raining or the sprinkler is on then the grass is wet

GrassWet(x) <« Rain(x)
GrassWet(X) <« SprinklerOn(x)

@ What is the probability that the grass is wet?
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@ We have to sum up the probabilities of each total choice that added to the program make the query true

Rain(X) <«  hgain(X)
Crain = {hzain(T), hrain(F)}
Whrain(T)) = 0.2 p(hrain(F)) = 0.8

SprinklerOn(X) <«  hgprinkleron(X)

CSprinklerOn = {hSprinklern(T)a hSprinklerOn(F)}
#(hsprinkieron(T)) = 0.4 p(hsprinkieron(F)) = 0.6
GrassWet(x) <«  Rain(x)
GrassWet(X) «  SprinklerOn(x)
=] 5 = = = DA



The case of RDF
The case of Description Logics
The case of Logic Programs

@ Total choice: select a ground atom from each choice

Rain(X) <«  hgain(X)
Crain = {hRain(T)a hRain(F)}
sprinkleron(X) «—  hgprinkieron(X)
CSprinklerOn = {hSprinklerOn(T)7 hSprinklerOn(F)}
GrassWet(X) <« Rain(x)
GrassWet(x) <«  SprinklerOn(x)
B | Total choice
By [ Prain(T), Asprinkieron (T,
By | Mrain(T), Msprinkieron(F)
BS hRain F), hSErinklerOn(T
B4 hRain(F)y h§prinkler0n(F)

o F
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The case of Description Logics
The case of Logic Programs

Example (cont.

@ Total choice B making query true: P U B |= Grasswet(T)

Rain(X) < hgain(X)
Crain = {hrain(T), hrain(F)}
SprinklerOn(X) <  hsprinkleron(X)
CSprinklerOn = {hSprinklerOn(T), hSprinklerOn(F)}
GrassWet(X) <« Rain(x)
GrassWet(x) <«  SprinklerOn(x)
B Total choice P U B = Grassiuet(T)
By hrain(T), hgpvinﬂar()n T) hd
B, hrain(T), hSprink]PrOn F) L4
Bs | Prain F)yh@rinklerorl T) hd
By hrain(F), h§prinkler0n(F)
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Example (cont.)

The case of RDF

The case of Description Logics
The case of Logic Programs

@ Probability of total choice B: u(B) = MNacpu(a)

@ Condition on p: 3" e ¢ (@) = 1

Rain(x) «—
w(hgain(T)) =

SprinklerOn(Xx) <«

hrain(X)
0.2 p(hrain(F)) =0.8

hsprinkleron(X)

#(hsprinkieron(T)) = 0.4 p(hsprinkieron(F)) = 0.6
GrassWet(X) <«  Rain(x)
GrassWet(X) <«  SprinklerOn(x)
B Total choice P U B = Grasswet(T) | u(B)
Bi | Arain(T), Asprinkieron(T) . 0.08
By | Mrain(T), sprinkieron(F) [ 0.12
B3 | hgain(F), hsprinkieron(T) . 0.32
By | hrain(F), Asprinkieron(F) 0.48
L] I 1.0
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Example (cont.)

@ Probability of g: Pr(q) = S8,PuBKq H(B)

Rain(X) < hrain(X)
w(hgain(T)) 0.2 p(hpain(F)) = 0.8

Sprinkleron(X) <«  hsprinkieron(X)
0.4 p(hsprinkieron(F)) = 0.6

l"(hSprinklerOn ( T))

GrassWet(X) <«  Rain(x)

GrassWet(X) <«  SprinklerOn(x)

B Total choice P U B = Grasswet(T) | w(B) | Pr(Grasswet(T))
By | hrain(T), hsprinkieron(T) . 0.08 T
By | hrain(T), Asprinkieron(F) . 0.12 T
B3 heain(F), hSprinklern(T) [ 0.32 +
By | hrain(F), Asprinkieron(F) 0.48
l I I [ 1.0 ] 052 ]
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Possibilistic Logic Programs

@ Simple extension of Possibilistic necessity valued
propositional logic

@ Facts: (P(t,...,t),N/)

@ Rules: (A« By,...,Bs,NJ/)
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Fuzzy LPs Basics

@ We consider fuzzy LPs, where

e Truth space is [0, 1]
e Interpretation is a mapping /: Bp — [0, 1]
o Generalized LP rules are of the form

R(x) < 3y.f(Ri(z1), ..., Ri(z1), p1(2}), - - - . Pn(Z1)) ,

@ Meaning of rules: “take the truth-values of all Ri(z;), p;(z}),
combine them using the truth combination function f, and
assign the result to R(x)”
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@ Rules:
R(x, s) — 3y.conj(x,y),s = f(p1(21),- -, Pi+n(Z1+n))

x are the distinguished variables;

s is the score variable, taking values in [0, 1];

y are existentially quantified variables, called non-distinguished variables;
conj(x,y) is a list of atoms R;(z) in KB;

z are tuples of constants in KB or variables in x or y;

z; are tuples of constants in KB or variables in x or y;

pj is an nj-ary fuzzy predicate assigning to each n;-ary tuple c; the score

pi(ci) € [07 1];

© ris a monotone scoring function f: [0, 1]+ — [0, 1], which combines the
scores of the n fuzzy predicates pj(c;)
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Semantics of fuzzy LPs

@ Model of a LP:
=P iff IE=r, foralreP”
I=A—o iff I(e)<IA)
@ Least model exists and is least fixed-point of
Tr(N(A) = I(¥)
forall A— ¢ € P*
@ Fuzzy LPs may be tricky:
(A,0)
A — (A+1)/2
In the minimal model the truth of Ais 1 (requires w T» iterations)!
@ There are several ways to avoid this pathological behavior:
e We consider L = {0,1,2 ... =1 1} nnatural number, e.g.
n=100
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Example: Soft shopping agent

(“ I may represent my preferences in Logic Programming with the rules

Prefy(x,p,s) <«  HasPrice(x, p), LS(10000, 14000, p, s)
Prefy(x, s) HasKM(x, k), LS(13000, 17000, k, s)
Buy(x,p,s) <«  Prefi(x,p,sy), Prefa(x,85),s = 0.7 - sy + 0.3 - 5o

1

ID MODEL PRICE KM
455 MAZDA 3 12500 10000
34 ALFA 156 12000 15000

1812 FORD FOCUS 11000 16000

@ Problem: All tuples of the database have a score:

@ We cannot compute the score of all tuples, then rank them. Brute force approach not feasible.

o Top-k problem: Determine efficiently just the top-k ranked tuples, without evaluating the score of all tuples.
E.g. top-3 tuples

ID PRICE SCORE
1812 11000 0.6
455 12500 0.56

34 12000 0.50
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Top-k retrieval in LPs

@ If the database contains a huge amount of facts, a brute
force approach fails:
e one cannot anymore compute the score of all tuples, rank
all of them and only then return the top-k
@ Better solutions exists for restricted fuzzy LP languages:
Datalog + restriction on the score combination functions
appearing in the body
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@ We do not compute all answers, but determine answers
incrementally

@ At each step i, from the tuples seen so far in the database,
we compute a threshold §

@ The threshold 4 has the property that any successively
retrieved answer will have a score s < ¢

@ Therefore, we can stop as soon as we have gathered k
answers above §, because any successively computed
answer will have a score below §
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Example

Logic Program P is

q(xvs)<_p(xvs1)7s:s1 .
p(X, S) —n (X’yv 51)7r2(y7 Z, 52)75 = mln(s1752)

RecordID r o
1 a b 10| m h 095
2 c d 09| m j 0.85
3 e f 08| f k 075
4 I m 071 m n 0.65
5 o p 06| p g 055

What is
Topi (P, q) = Tops{(c,s) | P E q(c,s)} ?
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q(x, 8) « p(x, 81), 8 = 81 _
p(x,s) < r1(x,¥,81), r2(y, Z, $2), § = min(sy, sp)

RecordID ry ro
1 a b 1.0 m h 095
2 c d 09 m j 0.85
3 e f 0.8 f k 075
— 4 I m 0.7 m n 0.65
5 o p 06 p g 0.55

Action: STOP, top-1 tuple score is equal or above threshold 0.75 = max(min(1.0, 0.75), min(0.7, 0.95))

Queve | & Predicate  Answers

— q (e, 0.75)(1,0.7)
0.75 o (e, 0.75Y, (1,0.7)

Top;(P, q) = {(e,0.75)}

Note: no further answer will have score above threshold &
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Systems

@ RDF

e Probability: could not find one available

e Fuzzyness: could not find one available
@ Description Logics

e Probability: PRONTO, ContraBovemRufum

e Fuzzyness: fuzzyDL, DLDB, DLMedia, FIRE, DelLorean,
@ Logic Programming

e Probability: ICL, PRISM, Alchemy, ClLog, nFOIL, BLP, ...

o Fuzzyness: GAP over XSB, MVLP (see Straccia) — “Works
for any LP system with arithmetic built-in predicates”
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Conclusions & Future work

@ We’ve overviewed basic concepts related to Uncertainty
and Vagueness Representation and Reasoning in
Semantic Web languages, such as

e RDF, Description Logics, Logic Programs

@ Semantic Web Applications:

e Ontology Mappings, Multimedia Object annotation,
Matchmaking, (Multimedia/Distributed) Information
Retrieval, Recommender Systems, User Profiling, . ..

@ Future Work:

e Standardization

Graphical User Interfaces

Top-k retrieval

Combination of Uncertainty and Vagueness
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