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Abstract

Terminological Logics are knowledge representation formalisms of enor-
mous applicative interest, as they are specifically oriented to the vast
class of application domains that are describable by means of taxo-
nomic organizations of complex objects. A number of results relative
to the computational complexity of terminological logics have recen-
tly appeared in the literature. Unfortunately, most of these results
are “negative” in nature, as they show that, in the logics they refer
to, deciding subsumption (i.e. the metalinguistic relation which corre-
sponds to validity in standard logics) is computationally intractable.
In this paper, after briefly introducing the fundamental concepts un-
derlying terminological logics, we show that computing subsumption
is O(n log n) in the ALN logic, an extension of Brachman and Leves-
que’s FL− logic. ALN is obtained by endowing FL− with the two
operators atleast and atmost, which allow the specification of num-
ber restrictions, and the operator a-not, which introduces a limited
form of negation. The result we present is of theoretical significance,
in that ALN is one of the few terminological logics that have been
shown tractable. ALN is also a pragmatically significant extension
of FL−, as it results from the addition of operators of considerable
applicative interest.

∗This research has been partially funded by the Progetto Finalizzato “Sistemi Infor-
matici e Calcolo Parallelo”.
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1 Introduction

Terminological Logics (TLs, also known as Frame Representation Languages
or Concept Description Languages) are knowledge representation formalisms
of enormous applicative interest, as they are specifically oriented to the vast
class of application domains that are describable by means of taxonomic
organizations of complex objects. Such logics have a non formalized coun-
terpart in a large class of early knowledge representation languages based on
semantic networks and inspired by the notion of frame, originally introduced
by Minsky [9]. Unfortunately these languages, of which KL-ONE [2] may be
considered the founding father, did not possess a formal semantics; hence,
the fact that the notion of inference they enforced were the same as the user
expected relied on an improbable like-mindedness among designer, imple-
mentor and user. TLs may then be seen as the result of a work of distillation
and formalization that was carried out on KL-ONE-like languages, a work
that resulted in linguistic constructs of dubious semantic content being pur-
ged while the others were brought back within the canons of mathematical
logic.

TLs are especially popular among knowledge engineers because of the
vastness of their possible applications (in fact, many are the application do-
mains whose formalization may be accomplished, at least partially, by me-
ans of a taxonomic structure), and because of their easy and intuitive syntax.
This syntax might be dubbed object-oriented, as it encourages the structuring
of a knowledge base into “clusters of knowledge” that represent structured
descriptions of classes of individuals belonging to the domain of discourse.
Borrowing a terminology that is typical of the discipline of data modelling,
we might say that the syntax of TLs supports the definition of knowledge by
providing mechanisms for abstraction, generalization and aggregation.

Unlike better known logics (such as e.g. first order logic), whose main syn-
tactic constituents are formulae, TLs have terms as their primary syntactic
expressions. A term is usually an expression that denotes monadic or dyadic
relations on the domain of discourse. For example, in a TL that allows for
the term-forming operators and, atleast and atmost1, the expression (and
polygon (atleast 3 sides) (atmost 3 sides)) is a term that denotes the
set of all those polygons that have exactly three sides (i.e. the set of trian-

1The semantics of these operators will be formally specified in Section 2.
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gles). In general, the languages of TLs allow for a number of term-forming
operators by means of which one may build complex terms starting from a
basic repertory of simple terms (viz. predicate symbols).

As remarked before, TLs are not logics of formulae; hence, the meta-
linguistic relation of interest is not validity, but subsumption (i.e. “conceptual
containment”) between terms. A theorem prover for a TL is thus a program
that, given two terms, decides whether the former subsumes the latter, i.e.
whether all individuals denoted by the latter are also denoted by the former.
For example, such a theorem prover will be able to answer affirmatively to the
question whether the term (and polygon (atmost 4 sides)) (which denotes
the set made out of all triangles and quadrangles) subsumes (and polygon

(atleast 3 sides) (atmost 3 sides)). A knowledge base will thus be a
hierarchy (or taxonomy) of terms in the form of a directed acyclic graph, with
the hierarchical ordering being determined by the relation of subsumption.

Of course, the applicability of TLs to problems of realistic size largely
depends on the expressive power of the logics themselves (i.e. on the possi-
bility of expressing more and more complex terms by means of the linguistic
devices made available by the language), and on the possibility of specifying
theorem provers that, besides being correct and complete with respect to
the logic in question, are able to decide subsumption efficiently. A thorough
understanding of TLs requires then a rigorous and systematic study of the
relationship between the expressive power and the computational complexity
of TLs.

A definition that be at the same time rigorous and general of what the
expressive power of TLs is2 would not be very significant in itself, as it could
hardly abstract from logics and operators that have never been discussed
in the literature but are in principle both possible and significant. In other
words, such a definition is made problematic by the fact that any definition
of what the space of possible TLs is would probably be arbitrary in nature.
However, it is possible to go a first step in this direction, a step that will
be sufficiently significant for our purposes and general enough to encompass
much of what is being done nowadays on TLs. In order to do so, let us consi-
der a “reference” set Σ of operators, a set that we will choose sufficiently large
(for example, we might choose the set of all the term-forming operators that
we have encountered throughout our wanderings in the literature of TLs),

2For an attempt in this sense, see the work by Baader [1].
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and let us define a TL as a subset of Σ. The relationship “has less expressive
power than” may now be defined as the relationship of containment between
subsets of Σ, and is then a partial order defined on the lattice of the subsets
of Σ3.

It is well known that there is a tradeoff between the expressive power of a
logic and its computational tractability; hence, in general, the relation “has
less expressive power than” coincides with the relation “is decidable at least
as efficiently as”. One of the fundamental problems of the research on TLs
is that of individuating the TLs which are “optimal” from the standpoint
of this tradeoff, that is, individuating those logics which are most expressive
among the ones for which a polynomial decision algorithm can be given. A
number of results relative to the computational complexity of the decision
problem in TLs have recently appeared in the literature. The best known
result in this sense is the one due to Brachman and Levesque [3, 8], who have
shown that subsumption may be intractable even in TLs that are relatively
poor from an expressive point of view. In particular, they have shown that
the decision problem is co-NP-hard for FL = {and, all, some, restr}, while
it is O(n2) for FL− = FL \ {restr}.

Unfortunately, nearly all results appeared after the one by Brachman and
Levesque are “negative” in nature, as they show that, in the logics they refer
to, computing subsumption is either undecidable [12, 13, 14] or computatio-
nally intractable [7, 10, 11, 15]. The only positive result in this respect is the
one due to Donini et al. [5], who have recently given a tractability result for
the logic {and, a-not, r-all, c-some}.

In this work we show that computing subsumption is O(n log n) in the
logic ALN , an extension of Brachman and Levesque’s FL− obtained by ad-
ding the two operators atleast and atmost, which allow the specification
of numerical restrictions, and the operator a-not, which allows a limited
form of negation. This result also confirms a hypothesis by von Luck and
Owsnicki-Klewe [18], who had conjectured that FLN− = ALN\ {a-not}
had polynomial complexity. The result we deal with is of theoretical signifi-
cance, as ALN is to date one of the few TLs that have been shown tractable.
ALN is also a pragmatically significant extension of FL−, as it results from

3For the sake of simplicity, we will assume that none among the operators in Σ may
be expressed by means of a combination of other operators of Σ; this will allow us to say
that different subsets always have different expressive power.
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the addition of operators that, as argued e.g. in [17], are of considerable
applicative interest.

The rest of this paper is organized as follows. In Section 2 we describe the
syntax and formal semantics of ALN , and define the notion of subsumption
between ALN terms. In Section 3 we sketch the proof of the tractability of
ALN . Section 4 concludes.

2 Syntax and semantics of the ALN logic

The ALN logic, like many other TLs, allows the specification of two fun-
damental types of terms: concepts and roles. Concepts are terms denoting
sets of individuals, and are, so to speak, the first-class citizens of ALN ; in
fact, it is only on concepts that the subsumption relation is defined. Roles
are terms denoting binary relations between individuals; their function is to
allow the specification of structural constituents of concepts. For example,
the basic repertory of simple terms (called atoms) that are used in order to
build more complex terms might contain the concept polygon, denoting the
set of polygons, and the role side, denoting all those pairs of individuals
〈x, y〉 such that y is one of the sides of x; this would allow us to define more
complex concepts, such as e.g. (and polygon (atleast 3 sides) (atmost
3 sides)) discussed in the introduction, and to subsequently define other
concepts by using those defined before.

The syntax of ALN is the following:

〈concept〉 ::= 〈atom〉
| (top) | (bottom)
| (and 〈concept〉+)
| (all 〈role〉 〈concept〉)
| (a-not 〈atom〉)
| (atleast 〈positive integer〉 〈role〉)
| (atmost 〈positive integer〉 〈role〉)

〈role〉 ::= 〈atom〉

Therefore, the language of ALN allows us to define concepts of a certain
complexity, such as e.g.
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(and polyhedron

(atmost 4 face)
(atleast 4 face)
(all face (and polygon

(atleast 3 sides)
(atmost 3 sides))))

which denotes the set of all those polyhedra which have exactly four triangu-
lar faces, i.e. the set of tetrahedra. It is possible to check that the meaning
of this term is exactly the one described by computing it according to the
formal semantics of ALN , which is detailed in the following definition.

Definition 1
Let D be a nonempty set of individuals and E a function from concepts into
subsets of D and from roles into subsets of D × D. E is an extension
function over D if and only if:

1. E [[(top)]] = D

2. E [[(bottom)]] = ∅

3. E [[(and F1 . . . Fn) ]] =
⋂n

i=1 E [[Fi]]

4. E [[(all R F )]] = {x ∈ D|∀y〈x, y〉 ∈ E [[R]] ⇒ y ∈ E [[F ]]}

5. E [[(a-not F ]] = D \ E [[F ]]

6. E [[(atleast n R)]] = {x ∈ D| ‖ {y ∈ D| 〈x, y〉 ∈ E [[R]]} ‖≥ n}

7. E [[(atmost n R)]] = {x ∈ D| ‖ {y ∈ D| 〈x, y〉 ∈ E [[R]]} ‖≤ n}

It is easy to check that the and operator enjoys the commutative, associative
and left distributive (wrt all) properties. The notion of subsumption between
concepts is then specified by means of the following definition.

Definition 2
Let F1 and F2 be two concepts of ALN . F2 is subsumed by F1 if and only
if for every nonempty set of individuals D and every extension function E
over D it is true that E [[F2]] ⊆ E [[F1]].
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3 The computational tractability of ALN
In this section we will show that there exists an algorithm which decides
in time O(n log n) if a concept F1 subsumes a concept F2 in ALN . The
algorithm is essentially divided in two parts: the first part reduces a concept
into a “normal form”, while the second part checks whether there exists
a relation of subsumption between two already normalized concepts. The
algorithm is structurally similar to the subsumption algorithm given for FL−

in [8], but is a non-trivial extension of it, as non-trivial is the proof of its
completeness wrt ALN .

The proofs of correctness and completeness that will be described below
are given by induction on the structural complexity of the concepts taken
into consideration. A precise specification of what we mean by structural
complexity is given by the following definition.

Definition 3
The depth (or structural complexity) of a concept is given by the maxi-
mal number of nestings of the all operator.

The choice of the all operator is due to its being the only concept-forming
operator employing roles, and hence the only operator that shapes concepts
in a tree-like fashion.

We now switch to discussing the normalization phase. In this phase we
will use a new operator card, which is not present in ALN ; (card 〈n1, n2〉R)
denotes the set of those individuals that have at least n1 and at most n2 R.
The card operator is then a “macro” made out of the and, atleast and
atmost operators.

Definition 4
A concept F is in normal form if and only if F ≡(bottom), or F ≡(top),
or F =(and F1 . . .Fn) with every Fi a factor; a concept F is a factor if and
only if it is an atom, or F =(a-not a) with a an atom, or F =(all R F ′)
with F ′ a concept in normal form different from (bottom) and (top), or
F =(card 〈n1, n2〉R) with n1 ≤ n2 and such that if n2 = ∞, then n1 > 0. In
addition, the factors F1, . . . , Fn of a concept in normal form must be such
that:

• if i �= j and Fi, Fj are atoms, then Fi �= Fj;
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• if Fi=(a-not a) and Fj=(a-not a′) and i �= j, then a �= a′;

• if Fi is an atom, then there does not exist j such that Fj=(a-not Fi);

• if Fi=(all R F ) and Fj=(all R′ F ′) and i �= j, then R′ �= R;

• if Fi=(card I R) and Fj=(card I ′ R′) and i �= j, then R′ �= R;

• if Fi=(all R F ), then there does not exist j such that aj=(card 〈0, 0〉
R).

In the full paper we describe a normalization algorithm NORM, and we prove
the following lemma that describes its properties.

Lemma 1 Normalization
Let F be a concept of ALN . The NORM348–353 algorithm reduces, in time
O(|F | log |F |), the concept F in a normal form F ′ such that E [[F ]] = E [[F ′]]
for any extension function E, and such that |F ′| is O(|F |).

Normalization structures a concept in a tree-like form, with all operators
as internal nodes and all other constituents as leaves ordered from left to
right according to the lexicographical order. Normalization preserves then
both the extension and (modulo a multiplicative constant) the length of the
concept being normalized.

We are now ready to describe SUBS, the subsumption algorithm. SUBS
takes as input two concepts in normal form and decides whether a relation
of subsumption exists between them.

Algorithm 1 SUBS(F1,F2)

Input: two concepts F1, F2 in normal form;

Output: true if F2 is subsumed by F1; false otherwise;

Body:

1. if F1 ≡ (top) or F2 ≡ (bottom), return true; otherwise:

2. if F1 ≡ (bottom) or F2 ≡ (top), return false; otherwise, let
F1 =(and a1 . . . an) and F2 =(and b1 . . . bm); return true if and
only if, for all 1 ≤ i ≤ n, the following conditions are satisfied:
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3. if ai is an atom or ai =(a-not a), then one among the bj’s is ai;

4. if ai =(all R x), then one among the bj’s has the form (all R y)
and SUBS(x,y)=true, or one among the bj’s has the form (card
〈0, 0〉R);

5. if ai =(card 〈n1, n2〉R), then one among the bj’s has the form
(card 〈n3, n4〉R), with n1 ≤ n3 and n4 ≤ n2.

It should be noted that, by definition of normal form, steps 1 and 2 are
taken at most once (at the first call of SUBS). In the full paper we prove the
following lemma.

Lemma 2 Complexity
The SUBS(F1, F2) algorithm runs in time O(|F1| log |F2|).

Given the O(n log n) result, with n = max(|F1|, |F2|), for the normalization
of concepts F1 and F2, we may conclude that the complexity of computing
subsumption between two not yet normalized concepts is also O(n log n).

The following lemma is easily proven by induction on the maximal depth
of the two concepts involved.

Lemma 3 Correctness
If SUBS(F1, F2)=true, then F2 is subsumed by F1.

Let us now switch to the completeness proof for SUBS. In the full paper we
describe the BUILD-EXTENSION+ algorithm which, given a set of indivi-
duals Φ, a concept F in normal form different from (bottom) and (top),
and an extension function E defined over a domain D such that Φ ∩ D = ∅,
“expands” E by building an extension function E ′ defined over a domain D′

such that Φ ⊆ D′ and Φ ⊆ E ′[[F ]], and such that for every nonempty set
Ψ ⊆ D it turns out that Ψ ⊆ E [[F ]] if and only if Ψ ⊆ E ′[[F ]]. This algo-
rithm will be useful in determining that, if SUBS returns false, there exists
an extension function E and a set of individuals Φ such that Φ ⊆ E [[F2]] and
Φ �⊆ E [[F1]], and from this that F2 is not subsumed by F1.

Let us see an example of the application of BUILD-EXTENSION+. Let
F ≡(and (all R A) (card 〈2, 3〉R) B); let Φ = {d} and let E be the extension
function defined over D = {a, b} and such that E [[B]] = {a}, E [[A]] = {a, b}
and E [[R]] = {〈a, a〉, 〈a, b〉}. It should be observed that a ∈ E [[F ]], while b �∈
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E [[F ]]. By running BUILD-EXTENSION+(F ,Φ,E ,D) we obtain the extension
function E ′ defined over D′ = {a, b, d, d∗

1, d
∗
2} and such that E ′[[B]] = {a, d},

E ′[[A]] = {a, b, d∗
1, d

∗
2} and E ′[[R]] = {〈a, a〉, 〈a, b〉, 〈d, d∗

1〉, 〈d, d∗
2〉}. It is easy to

check that Φ ⊆ E ′[[F ]]. It should be noted that it is still true that a ∈ E ′[[F ]]
e b �∈ E ′[[F ]].

The BUILD-EXTENSION+ plays a critical role in the proof of the follo-
wing lemma.

Lemma 4 Existence
Let F=(and a1 . . .an) be a concept in normal form, Φ and Ψ two sets of
individuals, Ψ ⊆ D a nonempty set, E an extension function over D such
that Φ ∩ D = ∅ and E ′ the extension function defined over the domain D′

which is returned by the algorithm BUILD-EXTENSION+(F ,Φ,E ,D). The
following conditions hold:

• Φ ⊆ D′

• Φ ⊆ E ′[[F ]];

• Ψ ⊆ E [[F ]] if and only if Ψ ⊆ E ′[[F ]].

We now switch to the proof of completeness.

Lemma 5 Completeness
Let F1 and F2 be two concepts in normal form. If SUBS(F1, F2)=false, then
F2 is not subsumed by F1.

The proof of this lemma is rather complex, and is then described in detail
only in the full paper. The proof proceeds by induction on the maximal
depth k of F1 and F2; by using the existence lemma it may be shown that,
when SUBS(F1, F2) returns false, there exists an extension function E and a
nonempty set of individuals Φ such that Φ ⊆ E [[F2]] e Φ �⊆ E [[F1]].

Given the normalization, complexity, correctness and completeness lem-
mas, the following theorem follows.

Theorem 1
Given two concepts F1 and F2 in ALN , it may be determined in O(n log n)
if F2 is subsumed by F1, where n = max({|F1|, |F2|}).
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4 Conclusion

In this work we have shown that there exists an O(n log n) algorithm which
decides whether F1 subsumes F2, where F1 and F2 are concepts of the ALN
logic. This result is significant for two reasons. First, ALN is one of the few
logics for knowledge representation that is endowed with a correct, complete
and tractable decision algorithm. Second, recent research has shown that a
number of TLs which are slightly more expressive do not enjoy this property:
ALN∪ {restr} is notoriously co-NP-hard [3, 8], and ALN∪ {androle} is
also co-NP-hard [10]. Logics that are strictly more expressive than ALN
but are at the same time computationally tractable may be hard to find.
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